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Spontaneous surface roughening induced by surface interactions between
two compressible elastic films
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The surfaces of soft thin elastic films bonded to two rigid substrates become spontaneously rough due to the
attractive intersurface interactions when the intersurface distance declines sufficiently to produce a critical
force. The effects of compressibility on the conditions for surface roughening and its length scale are investi-
gated. For highly compressible filmg (ess than 0.25), surface roughening is not possible. The critical force
required for the onset of instability and its wave number both decline with increased compressibility. The
wavelength of the instability is influenced much more by the properties of the more compliaftdiimpliance
equals (2v)h/2u(1—v)]. There is an abrupt change in the wavelength as the compliances of the two films
become nearly equal.
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[. INTRODUCTION where spontaneous surface roughening has been observed
recently[18].

Surfaces of soft thin elastic films undergo spontaneous The stability and pattern formation have been studied re-
roughening when brought in close contact proximity to an-cently for incompressible filmgl9,20. The objective of this
other surfacd1,2]. The surface instability is engendered by paper is to explore the effects of compressibility on the sta-
the attractive intersurface forces, for example, van der Waalbility and bifurcation behavior of the two-flm system.
and electrostatic forces, when the force exceeds a threshhafimong other things, we show that the length scale of surface
value [3,4]. The surface roughness thus spontaneously proroughening increases with increased compressibility and the
duced plays an important role in the understanding of contadhstability is absent in highly compressible materials that can
mechanics, friction, and adhesion at soft interfaces. Somsimply jump into contact uniformly. Also, the wavelength of
recent experimentsl,2,5] show that in contrast to the liquid instability is governed to a greater extent by the more com-
films [6—9] where the length scale and morphology of thepressible film. The results obtained here are of relevance in
instability depend very strongly on the precise nature andhe design and interpretation of important experiments on the
magnitude of the interactions, the periodic wavelength thaadhesion instability and crack formation in these systems.
develops in thin solid elastic films is largely independent of
the nature and magnitude of such interactions. Moreover, the
wavelength depends almost linearly on the thicknesses of the Il. MODEL DESCRIPTION

films. L . Lo )
The surface instability of elastic films in proximity to a The schematic diagram of two thin elastic films interact-

contactor occurs due to the interplay of the interaction enid With each other is shown in Fig. 1. The elastic films are

ergy, which tries to deform the film surface, and the elastid®®nded rigidly to a substrate and a contactor, forming a
energy which tries to restore the initial configuratigg4]. substrate-contactor system, each with its own film. The sub-

The origin and nature of this purely elastic instability is dif- Strate film is called filma and its properties such as thick-
ferent from the roughening of solid filmg0—13, where €SS, shear modulus., and Pc.)|s.sons ratio are denotd?q ,by
either surface diffusion, viscoelasticity or plasticity of the #a, and va, respectively. Similarly, the contactor film is
films play the dominant role. called film b and its properties are denoted by the material
The instability causes the surfaces of the films to jump inProperties with the subscrifit (The elastomeric films may
contact in a periodic wajl,2], thus forming nanoscale cavi- Wwidely differ from each other in their physical propertjes.
ties. This phenomenon has an intimate relationship with thd'he separation distance between the two films is denoted by
formation of type-I crack§l4] as the sufaces are pulled apart do. Below a certain critical separation distargiethe films
[2]. Arelated problem of debonding by chain pullout has alsono longer remain planar, but a surface instability sets in,
received attentiofl5]. making the surfaces rough. The broken lines in Fig. 1 show
Some applications such as the peeling of adhegiték periodic surface roughening under such circumstances. The
wafer debondindg17], adhesion of cells to coated substrateslength of each film along the depth of the paper is assumed
involve two interacting elastic layers. The contact betweerto be much larger than the other lateral dimensions, so the
metal surfaces carrying thin oxide layers is another examplgystem is considered to be undergoing plane strain deforma-
tions. The total potential energy of the deformed filtng-
glecting surface energy effegtss given by a sum of the
* Author to whom correspondence should be addressed. Email adtored elastic energy and the energy due to intersurface in-
dress: ashutos@iitk.ac.in teractiond 3],
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FIG. 1. Athin elastic film bonded to a rigid substrate interacting 1 ‘Iie T T
with a second film bonded to a contactor. The coordinate system 20 5 10 15 20
(x1,X,) is used to describe the position vectdiBistances are not Effective Separation Distance(d) (nm)
to scale. The gap distance is largely exaggerated and the dashed
lines indicate the initial stages of roughening. FIG. 2. Schematic of the potential under consideration. The

equilibrium distance is denoted fal .

H=J W(G)dV+j u(d)ds, (1) the third term introduces a short range non—van der Waals
v S attraction $<<0) close to contact with a decay length.

This term also incorporates the non—van der Waals compo-
nent of the free energy of adhesion. The constBrasdSin

Eq. (4) are of the order of 10’*Jnf and —0.1 J/nf, re-

o spectively, and their exact values are obtained by imposing
infilm a, the following conditions at the equilibrium separation dis-

wheree is the strain tensor and/ is the strain energy density
given by the following expression:

v, )
e+
,ua(ee 1_zva(tre)

W(e)= (2)  tanced., taken to be 1 nm in the present analysis:
14 2 . .
: nfim b. ,
po| €€t 75 (Ire) ) ni U'(de)=0,
The term under the surface integral in Efj) arises due to U(d,)=AG=total energy of adhesion. (6)

the attractive interaction potential that exists between the two
films. The attractive potentidl is the excess free energy of A sketch of the potential is shown in Fig. 2. As is known
interactions per unit area, which may be due to van depreviously for a single filn{3], and as will also be shown
Waals forces, electrostatic forces, etc., and is a function o$ubsequently in this paper, neither the precise functional
the intersurface distanak The form of the potential may be form of the potential, nor the precise values of the param-
simply van der Waal$3), or an extended form given by Eq. eters in the potential, are of significance since the wave-
(4): length of instability is independent of the nature of interac-
tions. The details of the potential affect only the critical
separation distance for the onset of instability.

u(d)=-— 127d?’ ©) In order to carry out a linear stability analysis, the poten-
tial is expanded in a power series about the reference state of
B d—d the undeformed filmsl=d, and the terms up to the qua-
u(d)=— + —+Sex;{ e } (4  dratic order in (@—uP)-n are retainedsee Eq.(4)],
12md?  d® lp
U(d)=Ug+F(ud—uP)-n
where 1
- a__ by, 2
d=do— (u—uP)-n (5) +2Y[(u u°)-nj?, (7)

is the effective separation distance that remains between thghere

two films when they undergo a displacementudfand u®,

respectively, from their undeformed separatiyn The first Uo=U(dy), F=U'(dy), Y=U"(dp). 8
term in the potential comes from the attractive van der Waals

interaction, where is the Hamaker constafof the order of The formY is of the form(9) or (10) depending on the form
10 % J). The second term arises due to Born repulsion andf the potential(3) or (4),
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v A © Uih(xl,xz):O,
= — —4,
2mdy Ukl)h(xl,xz):O,

A 72 [A(1-dJ2l,)/6md3—AG/I,]dg

Y=— + — ah . i ah
2mdg  d3° (8—de/lp) Uz (X1,X2) = va {F+Y[u3"(x1,0
m
(8AG+A/27d3) p(de—do )
ex . (10) __..bh _2
|,2)(8_de/|p) lp u; (>(2,do)]}(:|-‘F h.)’

From the above equation it is clear that with decreasing ini- 1
tial gap thicknessly, the magnitude ot increases in the US"(Xq,X2) = — —={F +Y[u3"(x1,0)— u5"(x2,do) I}
attractive regime of the potential. The dimensionsyafug- Yim

gest that it is force per unit volume and is termed ititer-

action stiffnessand it is of importance in that it governs the % X2_,_ @) (18)
condition for the onset of instabilitthelow a critical sepa- hy hp/’
ration distance the magnitude of or the attractive force
increases beyond a threshold value to initiate instabilities ir‘("here
the system Similarly, F is the force per unit area. The above _
. A . . . 2ua(l—vy)
linearization gives an expression for the total potential en- Ya=—— (19
ergy as (1=-2va)hy
2pp(1—vy)
,= JVW(e)dVJr L Uo+F(ud—u®)-n ﬁq:m (20

The homogeneous solution indicates that for compressible

1
+ EY((Ua—Ub)'n)2 ds. (1)) films the surface of both the films will move towards each
other by an amouni" given by
The equilibrium displacement fields in the films minimize (—F)
the potential energy(11l) while satisfying the following Uh=——, (22)
boundary conditions. Ym—(=Y)

() Rigid boundary condition: whereY, for the system is given by

u?(xy,—h,)=0, (12
( 1 a y Y%Y%
u’(x;,do+hp) =0, (13 m_Yﬁ]Jrme'

(22

i.e., the substrate and the contactor films are rigidly held agrom this relation it is evident that the homogeneous solution
the film-substrate and the film-contactor interface. is valid only when—Y<Y,, (—F, —Y, andY,, being posi-

(2) Traction boundary condition: The stresses derivediye quantities. For larger values of-Y, the film surfaces
from the displacement fields must satisfy the condition ofiymp to make homogeneous contact with each other so that

vanishing shear stress at the interface, i.e., the films are everywhere in contact.
8(x1,00=0 14
1d*1,0=0, (149 lIl. STABILITY ANALYSIS
09(x1,dg) =0, (19 The stability of the homogeneous state is evaluated by
_ N means of a linearized analysis. The homogeneous solution is
and the normal stresses satisfy the condition perturbed by sinusoidal displacements. The bifurcation field

a a b in the filmsa andb takes the form
05(%1,00= —{F + Y[u3(x1,0) —u3(x2,do) ]},  (16) ‘
us'(x1,0)= @ cogkxy), (23
3Ax1,do) = —{F + Y[U3(x,0 ~ u§(xz,do) I} (17) |
, u3'(x,,dg) = B cogkxy), (24)
at respective surfaces.

Homogeneous solutioThe boundary value problem de- respectively. Herd in the superscript denotes inhomoge-
fined by the above set of equations for compressible filmsieous solution. Thedditional stressegproduced by these
has a homogeneous solution denoted Wysuch that the fields satisfy the rigid boundary conditiori42) and (13),
stresses in the films are everywhere equal. Th@sjenotes vanishing shear stress conditions given by Ed<l) and
a uniform increase in the film thickness, (15), and the condition of normal traction

031607-3



SARKAR, SHENOY, AND SHARMA PHYSICAL REVIEW E67, 031607 (2003

05 0.5

M=1.0 H=05

M=0.9

Inhomogeneous
Deformation

I Homogeneous
deformation
0.1F

ol AADL ) L 2
Ohkc 0.1 0.2 . . . vk 2, 0 0.4 0.5

055 1.07 160 213 266 318 3.71 424 000 089 178 267 355 444 533 6.22

FIG. 3. Plots of the wave number of instabilithK.) and the

Homogeneous
Deformation

nondimensional critical interaction stiffness ¥ ./K¢sf) for a sys- o1r

tem withH=0.5 andM =0.5. The thick line in the diagrams shows

the demarcation between regions of homogeneous and inhomoge-

neous deformations. In the region enclosed by the hikg=0 and 00 0'1 0'2 ' 0'3 0'4 05
— Y. /K¢ takes the value of ,,/K¢ for plots in the right column. ) Ty ) ’

FIG. 4. Regions of homogeneous and inhomogeneous deforma-
tions in the space of Poisson’s ratios of the films for different values
of M. The films have equal thicknesses.

o3(%1,00= = Y[ud' (1,00~ Ud'(x1,do)], (25

T5ix1,do) =~ Y[U5' (1,00~ U5 (x;,dg)]  (26)
) ) ) —Y for which bifurcations are possible is called tbetical
along the interacting surfaces of the films. interaction stiffnesslenoted by—Y.. The wave numbés)
A film with sinusoidal displacement as given in EQ3) of the modés) that satisfies(satisfy Eq. (30) for —Y=
is sh.own in Appendix A to have stres$; at the surface of —Y, is (are called the critical mode) and the(these wave
the film as numbets) is (are denoted byk, .
; Apart from the Poisson’s ratio, there are four parameters
034x1,0)=242S(hak, va)ka cogkxy). 27 that enter the stability analysig,,, uy, h,, hp and govern
the stability of the film surfaces. The understanding of results
is facilitated by defining certain effective parameters as mo-
tivated by the following analogy. Two interacting films can
be visualized as two springs in series so that they undergo
the same loadinétensile or compressiyeln such cases it is
seen that the total thickness of the system is the additive
thickness and the effective elastic modulus is the harmonic
1+ (3—4v)cosh2§) + 22+ 4(2v—1)(v—1) mean of the individual modulus of the springs. From this
(1= — : — . analogy, we introduce the effective thickness and shear
(1-v)[(3—4v)sinh(2§) - 2§] modulus of the system as
(29 Y

h=h,+hy, (3)

Similarly, the stresvgiz(xl,do) along the surface of the film
bis

ooy(X1,do) = — 2uPS(hpk, vy kB cogkxy),  (28)

whereSis a nondimensional function defined as

S(¢,v)=

The stresses along the surface of the film must satisfy the
normal traction condition. Thus substitution of E¢&7) and
(28) in Egs.(25) and(26) sets the condition for the existence w= Kakb )
of nontrivial bifurcation fields. It states that the interaction Ha™T b
stiffnessY must be related to the physical parameters of th
system along with the wave numbkr(of the bifurcation
field) by the following expression:

(32

Sntroduction of the following nondimensional parametbts
andH further facilitates the investigation of the relative ef-
fects of the two films on the instability where

_ 2K pappS(hak, va) S(hpk, vp)

© "
122Nk )+ SNk, vg) (30 Zom, S=1-m) (33
Ma Mb

If, for a given value ofY, i.e, for a given interaction stiffness, and

and a given separation distance there exists at least one reaﬂ

value ofk that solves Eq(30), then the homogeneous solu- h,=Hh, h,=(1—H)h. (34)
tion is unstable and the films deform inhomogeneously. The

negative sign ofY indicates that the force is attractive in An important quantity of interest is the effective elastic stiff-
nature. The analysis is carried forth withY, denoting the nessKg¢; of the two-film system defined as the harmonic
magnitude of the interaction stiffness. Thawvest valueof = mean of the individual stiffness of the films.
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interaction stiffness in Eq30) can be recast in the following

nondimensional form:
-Y
Keff
>
g :2[(1_H)(l_M)+HM]qS(quVa)S((l_H)q:Vb)
 ogeneous (1-M)S(HQ,v,) +MS(1-H)qg,v) '
0.1 r (36)
c(; hkc T o2 v. 3 i Y/K;H =02 Va 03 04 05 Whereq: hk.

IEEEEEES 0 | ’ﬁ‘ The stability conditions of an incompressible two-film
0.53 1.06 1.59 212 265 3.18 371 4.24 0.00 0.89 178 267 3.56 444 533 6.22

model can be recovered by setting valuesgfand v, to 3
in Eq. (36). The other limiting cases of E(36) can be
obtained by setting —1 andH—1.

The conditionM — 1 (up> ) implies that the contactor
film is much more rigid compared to the substrate film and in
view of this, the above equation transforms to

05

04f

50

L

e

Y
_K_ff:2HqS(Hq,ya)=2hakS(hak.Va)1 37
e

E Homogeneous
| deformation ) . . . . . )
01F which is the case of a compressible elastic film interacting

i g with a rigid contactor. The other conditidd— 1(h,>hy),
% 05 0y 01 02, 03 04 05 implies that the thickness of the substrate film is much

|——‘HT[[[[_ greater than the thickness of the contactor film. Equation
0.53 1.06 159 212 265 318 371 4.24 000 089 178 267 356 444 533 622

(36) asH—1, transforms into

*0.53

—_

ol 1
Uhkc 0.1 0.2

05 -M=1.0

Y 2HgQMS(Hq,v,)
_ - . 38
Ketr (1-M) S(Hq,v,) (38

S((1=H)q,vp)

The conditionS(&,v)— as é—0, which when applied to
Eq. (38) gives the same result as in E&7), i.e, the case of

a rigid contactor. Thus, it can be seen that the case of two
incompressible films interacting with each other or the case
of a single film interacting with a contactor are special cases
of the present analysis.

04f
03f

| Homogeneous
0.2} deformation

ol vy 1 L
0 0.2
h Va

3 04 50, 01 02, 03
YiK, S v,
0.89 178 267 3.

0

. O 05 0
L[ [T ([ [ [
053 106 159 212 265 318 371 424 0.00 56 444 533 622 |V. RESU LTS AND DISCUSS'ONS

0.4 0.5

FIG. 5. Plots of the wave number of instabilithK.) and the The wave number of instability as found from Eg6) is
nondimensional critical interaction stiffness . /K¢ for differ- ~ dependent on the compressibilitfPoisson’s ratios of the
ent values oM, when the films have equal thicknesses. The thickfilms and on the nondimensional parametdrandH, which
line in the diagrams shows the demarcation between regions afan take values from 0 to 1. However, the symmetry of Eq.
homogeneous and inhomogeneous deformations. In the region efB6) in M and H allows to consider only the results in the
closed by the line,hk.=0 and —Y./K. takes the value of regimes<M<=1 and O<H<1. For each of these ranges of

Ym/Kess for plots in the right column. a, iy @andhy,hy, results are discussed for different values
of v, andv, . In each case, the aim is to obtain regions in the
Ma Mb (va,vp) parameter space, where instability is possilligs.

h_a h_b Hatth 4,6, 8, and 9 In addition, the wave number of the instability
= and the critical interaction stiffness—(Y./Kg¢) as a func-

Ha  Hb Ml ppha tion of v, and v, (Figs. 3, 5, and Jare also obtained.

ha  hp To aid the discussion of the results of the two-film case,
we recall here some of the observations of a single elastic

(35)  film interacting with a rigid contactor given in R¢4]. The
wave number of instability{k;) and the critical interaction
stiffness (- Y.) of the film were found to decrease with an

Based on the above definitions, the expression for théncrease in compressibility of the film. Results for a single

Kefi=

_ M 1
T h[(1-H)(1-M)+HM]"
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FIG. 6. Regions of homogeneous and inhomogeneous deformao.2
tions in the space of Poisson'’s ratios of the films for different values
of H. The films have equal shear moduli. o1f

film are shown in Fig. 13. The physical significance of these °o‘h‘k‘ o1 o0z, 5 0 yx01 02,03 04 05

observations is that it is energetically less expensive to pro- ’m
duce elastlc deformatlons |n a Compre53|b|e fllm_ Thus the 0.45 0.90 1.34 179 224 289 313 3.58 0.00 0.96 193 289 385 482 578 6.74
critical interaction stiffness {Y,) required for inhomoge-
neous deformation is higher for an incompressible film than osg=
a compressible one. In addition, it is energetically favorable
to produce near homogeneous deformations in a compres:04
ible film. Thus, the wavelength of instabilith{=2/k;) in

a compressible film is higher than that of an incompressible 3
film. The discussion for case of two films can also be based | Homogeneous
on energetic arguments. The relevant expression for the tote®2[ dformation
energy of two films as a function of the shear modulus of the |
films and the dimensionless functi@is shown in Appendix Il
B. i 3

=3
0 I 1 2O
0.

0.1

o hk 01 02,703 04 050,01 02 v 03 .4 0.5
A. Films with equal thicknesses and shear moduli E% e L'
When the thicknesses and shear moduli of the two films F|G. 7. Plots of the wave number of instabilithK.) and the
are equal l=h, and u,= up), the nondimensional param- nondimensional critical interaction stiffness ¥, /Kq¢f) for a sys-
etersH and M are both equal tg. In the bifurcation dia- tem with M=0.5 and different values dfi. The thick line in the
grams, Figs. 4 and 6, such a case is indicateMy0.5 and  diagrams shows the demarcation between regions of homogeneous
H=0.5, respectively. It is seen that when the films haveand inhomogeneous deformations. In the region enclosed by the
identical physical properties, the line demarcating the regiofine, hk.=0 and—Y /K takes the value of,/Ke; for plots in
of homogeneous and nonhomogeneous deformations is syrfe right column.
metric in the parametric space of and v, . The results in
this case, folk, and — Y, are shown in Fig. 3. If the Pois- this pointis 4.0h,. For a single film interacting with a rigid
son’s ratio of one filmsaya) is kept fixed and the Poisson’s contactor, the wavelength of instability fer,=0.35 andv,
ratio of the other film ¢,) is decreased, the effective com- =0.45 is found from Appendix B to be 5.85 and 3.4h,,
pressibility of the system increases. Similar to the one-filmrespectively. These results show that the wavelength of in-
case, it is seen from Fig. 3 thatY./Kq¢; andhk; values of  stability in the two-film system lies between the wavelengths
the system decrease. of the two films had they been interacting with rigid contac-
The effects of introducing the second film are illustratedtors. For the same point in the parametric space, the value of
for a system withw,=0.35 andv,=0.45. The wave number the nondimensional interaction stiffnessY./Kgs is 4.56.
of instability of the systenhk, for this case is found to be For the present case, the effective stiffness of the system is
3.13 implying that the critical wavelength\{=2=/k;) at  given by 0.5u,/h,, thus the value of the critical interaction
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FIG. 8. Bifurcation zones as a function of the Poisson ratio and

H whenM=0.7.

stiffness is given as-Y.=2.28u,/h,. From Appendix B,
we see that for a film interacting with a rigid contactor,
-Y.=3.08u,/h, for v,=0.35 and—Y_.=5.17u,/h, for
vp,=0.45. This indicates that the critical interaction stiffness
of the two-film system is lower than either of the interaction
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1.5¢

0.5p

0.05 0.9

00.85 M
FIG. 10. The value oh4k, as a function oH andM. The figure

shows that above a certain value Mf the wave number shows a

jump from a higher to a lower value for a particular valuetbf.

The Poisson ratios of the films taken arg=0.45, v,=0.4.

a function of the nondimensional paramekérare shown in

stiffnesses, had the films been interacting with rigid contacfi9- 4. It is observed that when the compressibilities of the
tors. The results illustrate the fact that the introduction of afilms are very high {,<0.25 andr,<0.25), instabilities are

second film, in place of a rigid contactor, brings down the
effective stiffness of the system, makes the system mor
compliant, and hence promotes instabilities in the system.

B. Films with equal thicknesses and different shear moduli

For the case whehl =0.5, the regions of homogeneous
and inhomogeneous deformations in the parametric space

0.5
M=10
M=0.9998375
04r LT
> N Inhomogeneous
Ve \ deformation
/ =0.9995
/ 7T T~
~ .
031/ // . 05<M<09
// \
o b T T N \
Sl Tt M=09
0.2] ¥ 1
\ 1
Homogel'{eous [l ! M=0.98
deformation \
01r |
0 [
0 0.1

not possible, whereas they undergo inhomogeneous deforma-
tions in the parametric space of>0.25 andv,>0.25. This
is due to the fact that in a highly compressible film, the
energy of homogeneous deformation is lower than that of
inhomogeneous deformation. In the regiegy>0.25 andyy,
<0.25, the greater the stiffness of the upper contactor film,
the more is the area in the parametric space available for
omogeneous deformations. Consider now the case when
the substrate film is highly compressible,0.25), but the
contactor film is less compressible>0.25). As the stiff-
ness of the contactor film increases its incompressibility
must also increase in order to cause instability. The Ivhit
— 1, denotes a completely rigid contactor filitne energy
cost of deformation is infinide In such a case, the instability
is completely governed by the substrate film as is seen from
Fig. 4. These results are in accordance with the results of a
single film interacting with a rigid contact¢#] .

The effect of the relative shear moduli on the wave num-
ber of instability for films with equal thicknesses is depicted
in Fig. 5. Forv,<v,, the value ofhk; decreases with an
increase inM. For the case when the shear moduli of the
system are also equal, i.&4,=0.5, it was already shown in
the preceding section thatk.(v,) <hpk:(vp). Now, if the
shear modulus of filnb is only increased to makid >0.5, it
follows that the wave number of instability of the filim
increases| hyk.(M>0.5)>hyk.(M=0.5)], whereas,hk,
remains unchange@s ., is kept constant The decrease in
value ofhk, with increasingM indicates that the wave num-

FIG. 9. Bifurcation zones as a function of the Poisson ratio andoer of the two-film system does not reflect the change, as

M whenH=0.1.

shown by the stiffer filmb, but on the contrary decreases
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FIG. 11. The shaded regions in the figure denote the values of
H; at which jumps occur.

C. Films with equal shear moduli but different thicknesses

For the case when the shear moduli of the two films are
equal, it is seen from Fig. 6 that films in the regiog
towards the wave number close to the compliant filffhis ~ <0.25 and»,<0.25 undergo homogeneous deformations,
observation illustrates that the wavelength of instability ofwhereas films with Poisson’s ratiog>0.25 andv,>0.25
the system is determined to a much greater degree by thendergo inhomogeneous deformations, irrespective of their
more compliant film. For a system with,> vy, the critical ~ relative thicknesses.
wave number of instability increases with increasd/linthis In the parametric space where the substrate film is com-
may be reasoned along the same lines as given above that theessible compared to the contactor film,€0.25 andvy
wavelength of instability is governed by the more compliant>0.25), as the thickness of the substrate film increabes (
film. For films with equal thickness and equal Poisson’s raincreases the incompressibility of the contactor film should
tio, the wave number of instability, however, does not changéncrease for surface roughening in the system to be possible.
with the relative shear moduli of the system. This is evidentin the limit of H—1 (the case of a rigid contactiorsurface
from the expression(36) by substitutingH=0.5 and v, instability is not possible when Poisson’s ratio of the sub-
=vy. strate film is less than 0.25, regardless of the compressibility
It is seen from Fig. 5 that the nondimensional interactionof the contactor film. This result is also evident from Fig. 13,
stiffness— Y./K¢¢: behaves in a similar fashion a%., i.e.,  where it is seen thaik,=0 for »<<0.25.

remains constant for,= vy, increases fow,> vy, and de- Substitution ofM =0.5 in Eq.(36) leads to an expression
creases fow,<wv,. But an increase or decrease in value ofsymmetric inH and». Thus, for a given value afl and v,
—Y./Kgss does not imply an increase or decrease-iN, the results are physically identical to that of H and vy,.

becauseK.¢¢, in this caseM u,/h,, is always increasing This fact is evident from Fig. 6, where the demarcation lines
with an increase it. Thus in the first two cases it is evident for different values oH in the ranger,<0.25p,>0.25 are
that — Y, of the system is increasing. It can be shown that theédentical for the lines for +H in the rangev,>0.25p
value of — Y. is increasing in the last case as well. For this<0.25.

purpose take a point in the parametric spage=0.3 and The effective stiffness of a system with equal shear
v,=0.4, for M=0.5, — Y /Kq=3.96 and forM=0.8, moduli is given by an expressioKgs=(1—H)up/hy,
—Y./Kqti=3.63. The corresponding values of interactionwherein we assume that the thickness of the filris kept
stiffnress are given as—Y.,=198u,/h, and -Y., constant and that i is increased to have a higher value of
=2.91u,/h,, respectively, showing that the value of the H. It is evident that as the thickness of the substrate film
critical interaction stiffness is actually increasing wikh.  increasegasH increasek the effective stiffness of the sys-
This result can be understood from the fact thatVasn-  tem decreases. The decrease in the valukkpfwith H as
creases, the effective stiffness of the system increases and theen from Fig. 7 can be understood from the fact thatl as
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2f oF that for each value ofl in the rangeM — 1, there is a value
o of H (designated all ;) where the value offi,k, jumps from
15F F a higher value to a lower value on decreasiigFor M
=0.95 atH ;=0.095, the value ofi,k. changes from=1.61
to ~0.193. The latter can also be representedhgk,
=1.55. Thus the instability mode of film jumps from a
o5 ash higher value to a wave number that corresponds to the criti-
F cal wave number of the filrb, had it been interacting with a
X ¥ y 930405 s——75 ) 07 05 rigid contactor.
For given values of, and vy, the value ofH; decreases
FIG. 13. Variation of bifurcation modik. and critical interac-  with increasingM. For example, whemw,=0.45p,=0.4, it
tion stiffness .—hYC/,u as a function ofv. The values of is seen from Fig. 11 thatH;|y—0.95=0.129H;/m-0.09
—hYc/p only in the range wheréik.>0 are shown. =0.0215. ForM—1, film b moves towards the limit of a
rigid contactor and for values dfi much larger than zero
increases the system becomes more compliant, implying fim « a” is the more compliant film. However, i is made
larger wavelength for the instabilities. o close to zero, i.e, filna is made much thinner than fili, it
For a region in parametric space witq=vy it is Seen g hossible to make filma stiffer than filmb and the insta-
that — Y /Keys increases withH and in a region withva — pjiry will then be governed by film b.” The value ofH at
<wp itis seen that=Y./Kesr decreases with increasitt \ypich this occurs i, and for all values oH smaller than

However, an increase i Y./Ke; does not imply an in-  iq yalue, instability is governed by filim Thus as the value
crease in critical force parameter, since it has already beegk \1 increases the value ®f, must decrease to make this
shown thaK.¢; decreases with decreasiHg Since the com- “jump” possible.

pliance of the system increases with increaséljnt is ex- For a fixed value oM, now keepingv, fixed if v, is
pec_ted that-Y. should decrease \_/vith increasikhg The foI-_ increased, the factor 2(1v,)/(1—2v,) [of the term (1
lowing values show that-Y., in fact, decreases with —2v)h/2u(1—v) , which designates the compliance C of a
decreasingH for v,=wvy,: for H=0.5 andv,=0.44,=0.3,  fjm]increases, increasing the stiffness of fitrand making
~Yo/Ke=3.95-> =Y =1.97%,/hy, for H=0.7 andva  fim a the compliant film. However, if the contactor-film
=0.42,=0.3=Yc/Kei=4.15- — Y, =1.245u, /hy; thicknesshy, is also increased, the stiffness of filln de-
showing —Y, decreases with increase . These results ¢reases, and may even become lesser than that ofafilm
again indicate that the instability is governed by the moreyhen this happens the jump occurs, or finbecomes the
compliant film. new dominant film. This is evident from Fig. 11, where it is

seen that as/, increasesH; value decreases to fulfill the
D. Films with unequal thicknesses and moduli condition for the jump.

o
T

&

-hY /n

£

»
o
T

S
TT

The physics of instability in the general case can be un-
derstood based on the results of the previous cases. Compari- E. Role of compliance of the films

son of Figs. 8 and 6 shows that the results ¥br-0.5 and All the above results underline the fact that the compli-
different values oH are'qualltatwely S|m.|lar. to the'case With 5nces of the films play an important role in determining the
M=0.5. Although the figures are quantitatively differefdr  jominant film. This point can be further illustrated from Fig.
example, the symmetry of the demarcation lines as in th@p The figure depicts that when the compliances of the films
caseM=0.5, is absent in Fig.)8 the results can still be 476 very different C,/C, ratio quite greater than 1), the
analyzed in a similar fashion as done #dr=0.5. wavelength of the system is governed by the more compliant
However, for very small values ¢f and very high values iy (that is, filma in this casg for all values ofH. The role

of M, some qualitative changes in the results are observedeyersal of the dominant film mainly occurs in the range of
Very small values oH imply that the thickness of filb is ¢ _,c, varying from 0 to 1. The transit is smooth for higher
much higher than filma, thus filmb is the more compliant 5jyes ofH but for smaller values off the change is abrupt

film which dictates the instability of the system. In Fig. 9, the ;|nse to the ratio of 1, which is designated as jump in the
horizontal demarcation lines for GGV <0.9 indicate that previous results.

the system behaves as if filimis interacting with a rigid
contactor and the effect of the presence of fdnis negli-
gible. However, for higher values &l (M >0.9), the shear
modulus of flmb becomes large than that of filato the The analysis of the surface instability of two compressible
extent that the ratige, /h, exceedsu,/h,, making filma  interacting elastic films reveals several interesting results.
the more compliant film. The transition of the horizontal line The analysis pursued here represents the most general case
in the bifurcation diagram to the vertical one indicates that itof instability in soft thin elastic films from which all of the
is film a rather than filmb that acts as the dominant film and previous result§3,20] can be obtained as various limiting
governs the instability. cases, for example, a single film interacting with a rigid con-
The values oh k. with v,=0.45p,=0.4 as a function of tactor, two interacting incompressible films, etc.
H for different values oM are shown in Fig. 10. It is seen (1) Surface roughening of the film surfaces is possible

V. CONCLUSION
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when the separation between the two films is below a critical ud'(x,,0)= @ cogkx;), o2(x4,0)=0. (A1)
distance, or, in other words, the attractive interaction force

between the two films exceeds a critical value. The waveThe equilibrium equation of the system in terms of the dis-
length of the inhomogeneous periodic deformation is, howplacements is given by the Navier's equation

ever, independent of the precise nature of attractive interac-

tions, but depends on the film thicknesses, ratio of shear (1=2v)U) mmt U, mi=0. (A2)
moduli, and Poisson’s ratios of the films. ) ) , )

(2) It is shown that the introduction of a second film in Ag_eneral _splutlon for_the above set of differential eqt_Jatlt_)ns,
place of a rigid contactor makes the system more complianf’.Vh'Ch anticipates a sinusoidally deformed surface, is given
The critical force required to cause instabilities in a more®Y
compliant system is less compared to the case when a single w
film interacts with a rigid contactor. For example, it can be uii(xl,x2)= — —{[B(3—4v)+k(A+ Bx,)]e"*
seen in Fig. 4 that the introduction of a contactor film causes k
surface instability in a compressible film, which is otherwise _ _ —kXo\ &
stable against inhomogeneous deformation. T[DE=4r) —k(C+Dxp)Je Tsintkx),

(3) Irrespective of the shear moduli and thicknesses of the ai _ kx —kx
films highly compressible filméPoisson's ratio of both flms U2 (X1:X2) = al (ATBXp)ez+ (CHDxp)e z]cosk’zﬁé)
less than 0.25) that are also highly compliant, deform homo-
geneously and jump in contact uniformly without any sur-where the constantd, B, C, andD can be determined by
face roughening. The same behavior was also observed in thgbstituting the boundary conditioitd1) in Eq. (A3). The
case of a single elastic film interacting with a rigid contactorsolution yields
[3,4]. Thus, for almost all materials of interest>0.25),
surface roughening should occur readily below a critical A={—(kh+k?h?-2vkh)e"" costikh)

separation. B _ kh
(4 The compliance of a film is defined by (1 +(2v=2+kh[(3—4v)eT cosfikh)
—2v)h/2u(1—v). The most important result found from +khe"hsinr(kh)]}
the present analysis is that the properties of the more com- )
pliant film have a much greater influence on the wavelength H(v—=1)[2(3—4v)sinh(2kh) —4kh]},

of instability. When the compliances of the two films are h

very different, the wave number is a smooth function of the B=[(—2v+kh+1)e™ sinh(kh) —(2v—2+kh)
compliance ratio. However, when parameters are changed in < gkh _ _ : _

the rangeH—0M—1 such that the two compliances be- e costtkh) J/(v—1)[2(3~4w)sinh(2kh) ~ 4kh],

come similar, there is an abrupt change in the wave number —1_
. . ) . - C=1-A,
of instability. On either side of this jump, however, the wave-
length is governed largely by the properties of the more com- K
pliant film. D=B (A4)

The above results presented are expected to be useful in 2(v=1)

the design and interpretation of important experiments re-

N - o . From th relations, the expression for the normal com-
lated to cavitation, adhesion, and friction at soft interfaces. om these relations, the expression for the normal co

ponent of traction along the surface of the film can be de-

rived as
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APPENDIX A: TRACTION ALONG THE SURFACE OF . .
AN ELASTIC FILM BONDED TO A SUBSTRATE Replacement of the values & B, C, andD Slmpllfles the
WITH SINUSOIDAL SURFACE DEFORMATION expression to
This section formulates the normal traction along the si- ogiz(xl,O)zz,uS(kh,v)ka coskxy, (AB)

nusoidally deformed surface of a film bonded to a rigid sub-

strate. The system under consideration can be visualizeghere the functiorSis defined in Eq(29).

from Fig. 1, when the top contactor is either very stiff or has

a negligible thickness, and is subjected to the following APPENDIX B: ELASTIC ENERGY STORED PER UNIT
boundary conditions: LENGTH OF THE SYSTEM

ai ai The elastic energy stored in the film of lendths given
Ul(Xl,—h)=U2(X1,—h)=O, by
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1 . 1 .. I .
e [ Sofiefiav= [ Sofutav e [ 5 0800.0u8 (6, 010,
\VJ 2 \Vi 2 ! L 0 2
1 ai  ai 1 ai 1,,ai 11
= E[O'|mU| de: E[(T|m]U| nmds :E E[Z,U«S(kh,y)ka COSle)]a COS(le)dxl
\ S 0
1 i ai M 2 2
= s[ous'dS, (B1) = —S(kh,v)ka“L=akuS(kh,v). (B3)
top—interface2 L

The variation of the wave number that minimizes E§3),
with the Poisson’s ratio of the film is shown in Fig. 13. In the
same figure, the corresponding critical interaction stiffness is
also shown. The expression fgg can be obtained from Eq.
(30) by settingup>pu, or hy>h,.

(B2) For the interacting two-film system described in the text,
the total elastic energy stored per unit length of the films is

the sum of the energies stored in the individual films and is

ngiven by the expression

surface integrals over all other interfaces are zero.
Thus assuming a surface profile of the form

ug'(x,,0)= & cog kxy),

we get the stored elastic energy per unit length of the film i
the form M= a®ku,S(hak,va) + B2kupS(hpk,vp).  (B4)
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